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Abstract
Viscoelastic thin films with free surface are important in industry as well as in nature.
However, there does not exist a robust and systematic framework to analyze such
films. Lubrication approximations, largely successful in studying thin generalized
Newtonian fluid flows, have been employed to tackle this task but have met with only
limited success. This particular work highlights the shortcomings of the lubrication
analysis in this context and suggests an alternative in the form of a Galerkin-like
projection method.
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Chapter 1
Introduction
Thin film flows, due to their many biological and industrial applications, have gath-
ered a great deal of interest in recent years. For instance, snails use a thin layer
of mucus for locomotion [6]; dynamics of thin films are important in spin coating
processes [11]. There is a vast amount of literature describing such applications, a
comprehensive summary of which can be found in [22] and [24]. Consequently, di-
mension reduction techniques that take advantage of this thin film geometry have
been developed, with lubrication approximations at the forefront.
The lubrication approximation, a useful analytical tool, reduces the full Stokes
equations to a single evolution equation in terms of h, or the depth of the flow. This
method has been tremendously successful in modeling thin Newtonian flows, and
its usage is summarized in [22] and [24]. However, the thin film approximation is
inherently limited in that it requires the ratio of the characteristic depth of the flow
to its characteristic length to be small. Despite this geometric constraint, Kalliadasis
et al. [15] extended lubrication theory to thin flows over a general topography under
the effect of an external body force. Taking it a step further, Stocker and Hosoi [29]
resolved a singularity that arises when the fluid turns around a corner by applying
the lubrication approximation in hyperbolic coordinates.
Another dimension reduction technique commonly used is collocation. Unlike
lubrication which reduces governing equations based on geometry and solves the re-
sulting reduced system exactly, collocation methods postulate a form of a solution
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and attempt to satisfy the governing equations exactly at a finite number of points
based on the initial postulation. Essentially, this method turns solving partial dif-
ferential equations into solving a series of algebraic ones. Eggers and Dupont [9]
implemented this particular method to derive a one-dimensional equation to describe
drop formation from a thin cylindrical column of fluid.
Lastly, Galerkin projection methods postulate a form of the solution and, unlike
collocation, project this solution as well as the governing equations onto a trial func-
tion space which resembles the proposed solution. Within this space, the equations
are solved exactly. Hosoi and Dupont [14] used this method to approximate sponta-
neous stratification of suspensions and colloids due to a temperature gradient. One
big advantage of Galerkin is the ease with which the dynamic boundary conditions
are resolved; thus, modeling free surface flows becomes much easier especially when
surface tension effects are important. Eggers demonstrated this by deriving a one-
dimensional equation based on Galerkin to study breakup of free surface flows [8].
Furthermore, the Galerkin method provides room to adjust accuracy and complex-
ity of the final outcome as the user may choose any number of modes to include in
the solution. In Chapter 4, we employ this method to derive the equations of mo-
tion for a Newtonian flow driven by surface tension and gravity without making any
assumptions about the characteristic dimensions of a flow.
All three techniques mentioned above have met with great success for modeling
Newtonian flows. However, their effectiveness in incorporating viscoelasticity has ei-
ther not been fully tested, or proven to be only marginally satisfactory. In particular,
Chapter 3 is devoted to summarizing different ways lubrication has been employed
to study viscoelasticity while checking the plausibility of a different scaling. The
Galerkin method was used to model a transient coating flow of non-Newtonian fluids
[17] under the effects of inertia. However, this last example applied the lubrication
approximation to the governing equations before projecting them onto a proposed
solution space; therefore, the approach is subject to the same limitations as lubri-
cation theory. Also, the effects of surface tension were neglected in this particular
study. Thus, it would be of great interest to apply the Galerkin projection method
14
to viscoelastic flows without imposing the aforementioned geometric constraint.
1.1 Motivation
Viscoelastic flows have a wide range of applications as discussed in §3.1. Unfortu-
nately, they are extremely difficult to model due to their highly nonlinear behavior.
For instance, viscoelasticity can exacerbate free surface instabilities. The filament
stretching experiment [28], shown in Figure 1.1.1, exhibits one such instability.
5 mm
fluid
E camera
prism
Vax = 3 m/s
Spiegelberg &
McKinley, 1996
Figure 1.1.1: Schematic of the filament stretching experiment using an extensional
rheometer. The setup of the prism enables the camera to capture the bottom up view
of the experiment. Figure reproduced from Spiegelberg and McKinley [28]
In this experiment, a small amount of polymer solution is placed between two
circular plates. The purpose of this particular device is to measure extensional prop-
erties of fluids tested. While the bottom plate is fixed in place, the top plate is lifted
15
at a known rate, thus stretching the fluid in the middle. Ideally, the fluid would
undergo a homogeneous uniaxial elongation as a uniform cylinder; however, at high
strains it begins to detach from the endplates, followed by a viscoelastic instability
as shown in Figure 1.1.2.
Figure 1.1.2: Experimental photos of "fishbone"
appear courtesy of Welsh, Bico, and McKinley.
Fishbone' instability
4-fluid sheet
instability observed. These photos
There is a sequence of events leading up to the so-called "fishbone instability."
When the fluid filaments are elongated at high strains, there first appears a free-
surface depression at the base of the filament. As the depression then moves radially
outward, the filaments are continually stretched out and break into 'fibrils,' or free
standing fluid sheets, as illustrated in the middle panel in Figure 1.1.2. Eventually
before the filament becomes completely detached from the plate, the fluid sheets bifur-
cate into smaller branches at the base, which we refer to as the "fishbone instability."
This instability is very localized in that it occurs at the intersection, or corner, of two
thin films. Apart from this geometric constraint, the presence of a free surface as well
as viscoelasticity adds more complexity to the problem.
There have been previous attempts to understand this particular flow phenomenon.
16
*Experimental
photos appear
in courtesy of
Welsh, Bico, &
McKinley.
For instance, Olagunju [23] developed a lubrication model based on the Oldroyd-B
constitutive equations to study the extensional flow between two plates. However,
this model only considers the region away from the endplates where the instability
actually takes place. More recently, Bonito et el. [5], numerically modeled the same
flow using finite element methods. However, the effects of surface tension are not in-
cluded in the simulation, which is an important factor in this instability, as suggested
by Graham [13]. Moreover, because of the purely numerical nature of the study, little
insight into the physics behind the instability is provided as a consequence. Therefore,
there still exists a need for a reduced mathematical model not only to understand
this particular instability but viscoelastic flows in general, thus motivating the present
research.
1.2 Summary
Chap- Title Content Summary
ter
2 Lubrication Lubrication of generalized Newtonian flows
Approximation
3 Viscoelasticity Background on viscoelasticity and lubrication results
and Lubrication for different scalings of deviatoric stress
4 Galerkin Application of Galerkin on a thin Newtonian flow and
Projection numerical comparison to lubrication analysis
Method
5 Conclusion Summary and future work
Table 1.2.1: Summary of the core chapters.
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Chapter 2
Lubrication Approximation
This chapter demonstrates the application of lubrication theory to analyze a thin film
flowing down an incline for three different types of fluids. All three cases share the
following problem formulation.
Figure 2.0.1: Diagram of a thin film flowing down an incline driven by gravity and
surface tension.
2.1 Problem Formulation
We consider a 2D divergence-free Stokes flow governed by the following equations:
V -IH + p = 0,
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(2.1.1a, b)
where H is a total stress tensor. In the present case, the flow is driven by surface
tension and gravity, and the normal and tangential stress boundary conditions are
1[ n I - K t -, I n = ,(2.1.2 a, b)
where n and t are unit vectors outward normal and tangential to the free surface.
The free surface curvature is given by K = -V -n; in the two-dimensional case, K is
equal to - , where subscripts denote partial derivatives.
(1+h2)X
In accordance to no slip boundary condition, the velocity field vanishes at the
substrate. The kinematic boundary condition at the free surface, h(x, t) is
ht + u (h) hx = v (h) . (2.1.3)
When combined with the continuity equation, (2.1.3) yields the following depth-
averaged mass conservation law:
ht + [Judy = 0. (2.1.4)
0 - X
The lubrication approximation reduces the governing equations above based on
E < 1 where H and L are characteristic length scales of the system. More specifically,
terms of order E or higher are neglected.
2.2 Newtonian
Newtonian fluids are characterized by a linear relationship between stress and strain
rate. Thus, its total stress tensor is
II= -pI + A , (2.2.1)
where , is a strain rate tensor, equivalent to {(V,6) + (7)T}.
Based on lubrication theory and (2.2.1), equations (2.1.1 - 2.1.4) are reduced to
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the following in the dimensional form:
0 = + (2.2.2)
Ox 49y'
Dp D2 U0 - + + pg sin 0, (2.2.3)
0 -- + pg cos 0, (2.2.4)
Dy
- = -p, at y = h, (2.2.5)
Du
0 - ,y at y = h, (2.2.6)09y
U = 0, at y = 0, (2.2.7)
v = 0, at y = 0, (2.2.8)
0 = ht + [J udy]. (2.2.9)
By integrating (2.2.3) twice with respect to y and applying necessary boundary con-
ditions, we obtain an expression for the velocity field,
U= -hXX + (sin 0 - hx cos 0) hy 1y2 . (2.2.10)
Substituting (2.2.10) in, (2.2.9) yields a single evolution equation for h,
ht + I (0-huxxh 3 + pgh 3 (sin 0 - h. cos 0))x = 0. (2.2.11)
2.3 Power-Law
Power-law fluids fall in the category of generalized Newtonian fluids - meaning the
viscosity is a function of the invariant of the strain rate, 1il. To be more specific,
II = -pI + mn I"In), (2.3.1)
where m and n are constants characteristic of the particular power-law fluid that
is being considered. One should note that generalized Newtonian models do not
describe normal stress phenomena nor time-dependent phenomena, both of which are
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common in viscoelastic fluids. When n is equal to 1, the stress tensor reduces to that
of a Newtonian fluid; thus, m simply equals M. For n < 1, the fluid is shear-thinning;
its viscosity decreases as the strain rate increases. On the other hand, for n > 1, the
fluid exhibits shear-thickening properties, as shown in Figure 2.3.1.
Yield
points
CI)
.0-*'
e-- .
Snel.,.OO
Shear rate, f
Figure 2.3.1: Plot demonstrating stress - strain rate relationships for different Gener-
alized Newtonian fluids. This plot has been taken from the Encyclopedia of Polymer
Science and Technology. [18]
, the magnitude of the strain rate tensor, is defined as : j, and in the
limit of = < 1, | is the only leading order term that remains. ApplyingSpay
lubrication approximation to (2.1.1 - 2.1.4) for a power-law fluid yields the following
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00 00-000
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set of equations and boundary conditions:
0 =D + v (2.3.2)
o x ay D (n-i) Dul
0 o + a + pg sin 0, (2.3.3)ax ay ay 09y
0 = - + pg Cos 0, (2.3.4)
Oy
o-hx= -p, at y = h, (2.3.5)
Du0 =a at y = h, (2.3.6)
u = 0, at y = 0, (2.3.7)
v = 0, at y = 0, (2.3.8)
- h -
0 = ht + L/udyl. (2.3.9)
As in the Newtonian case, integrating (2.3.3) twice on both sides results in an expres-
sion for u. However, one should be careful to carry out the integration separately for
au> 0 and a < 0:
ay a
U+= n1 22i + (h(sin 0 - h cos )) (h() - (h - y)())
n +1 m m
Du
for > 0, (2.3.10)
Dy
( = -g -h222- (sin 0 - hx cos )) (h() - (h - y)
for Du < 0. (2.3.11)
Dy
One point to consider is that for 2 > 0, the condition that -hxxx+pg (sin 0 - hx cos 9)>ay
0 is satisfied, which in turn results in a positive horizontal velocity. The 2 < 0 case,
on the other hand, requires -hxx2 + pg (sin 0 - hx cos 9) to be negative as well as u.
We can demonstrate that in both cases, this criteria holds throughout the film. If 2
ay
has an inflection point along y at given x (8 = 0), the flow would diverge in opposite
directions at that point according to (2.3.10) and (2.3.11). Checking for the inflection
point proves that u goes to zero only at the surface; therefore, the direction of shearDY
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does not switch within the film.
The subsequent evolution equations are also derived for 2 > 0 and ' < 0,
respectively:
ht + hxxx + g (sin0 - hx cos 0)) h( ) = 0
2n +1 m M I
for -> 0
(2.3.12)
ht + 1( hXX - (sin0 - hxcos0) ht =02n + I MMI
Ou
for < 0.
(2.3.13)
2.4 Bingham
A Bingham fluid, another example of a generalized Newtonian fluid, is characterized
by a finite yield stress. Simply put, such fluid behaves like a solid until the applied
shear stress exceeds the critical yield stress. Common examples of Bingham fluid are
often found in nature; mud studied by Mei and Yuhi [21] as well as a snail mucus [6]
can be modeled as such. In this section, we consider the simplest case of a Bingham-
plastic fluid evolving under the effects of gravity and surface tension; this fluid behaves
as Newtonian once past the critical yield stress:
H = -pI, for IH I < -r, (2.4.1a)
H = (-p + T0)I + p4, for IH I > T, (2.4.1b)
As in the previous sections, governing equations (2.1.1 - 2.1.4) are reduced to the
24
Figure 2.4.1: Schematic of a simple Bingham fluid flowing down an incline. hyjeld
refers to the shape of the yield surface at which the shear stress is equal to -r while
h is the shape of the free surface.
following based on lubrication theory:
0 = + - (2.4.2)Ox Dy
Op 92 U
0 = + p + pg sin 0, (2.4.3)
Op
0 = - + pg cos 0, (2.4.4)
Dy
uhxx = -p, at y = h, (2.4.5)
0 = a, at y = h and y = hyjeld, (2.4.6)
ay
u=O, at y=O, (2.4.7)
v = 0, at y = 0, (2.4.8)
- h -
0 = ht + [ udy (2.4.9)
Shear stress vanishes at the free surface, as indicated by the boundary condition,
(2.4.6). Thus, there must be a "peusdo" plug flow region near the surface where the
fluid moves as a solid body since the critical yield stress has not been reached (refer
to Figure 2.4.1). Further down from the free surface, the stress gradually increases
until it reaches a critical yield stress, T0 . The distance from the substrate to this yield
point is denoted as hyjeld and appears as another unknown in the present analysis.
The upper layer is not a plug region in a strict sense of the word since hyjeld varies
25
. .. . .........
with x, which causes the velocity in this region, uplug, albeit slowly, to vary as well
(2.4.11). Below the yield point, the fluid acts as Newtonian and exhibits a parabolic
velocity profile (2.4.10).
u = (hXXX + (sin 0 - hx cos 0) hyieldY - y2 , (2.4.10)
Uplug = u(y hyield) = hxxx + (sin0 - hx cos 0) hyield. (2.4.11)
Since there are two distinct regions of different velocity profiles, the equation
(2.4.12) can be rewritten as
0 = ht + [ udy + upiug(h - hyield)] . (2.4.12)
Thus, substituting (2.4.10 - 2.4.11) into (2.4.12) yields the following evolution equa-
tion for h:
ht + (-hxxx + pg (sin0 -- hx cos 0)) (3h - hyjeld) hyield] , = 0. (2.4.13)
It is important to note that the above expression (2.4.13) matches the Newtonian case
(2.2.11) exactly when h = hyjeld. However, because it contains another unknown,
hyeldi, we need to obtain one more equation by doing a momentum balance on a
differential fluid element as shown in Figure 2.4.2.
The only forces accounted for in this analysis are forces due shear, pressure, and
gravity since inertial effects can be neglected in this formulation. The resulting equa-
tion relating T to pressure is
or Op
--- = -pg sin 0 + . (2.4.14)
Oy ax
Now by integrating (2.4.14) on both sides and invoking T = 0 at y = h, one is left
with the following expression for r:
( - p)T = -hxxx + (sin0 - h.cos 0) (h- y ). (2.4.15)
26
4c
Vpg~dxdy
Figure 2.4.2: A differential fluid element experiencing shear stress, pressure, and
gravity.
The yield surface, hyield, is defined as the height at which T = T. Thus, one can solve
for hyjeld with ease by substituting it for y in (2.4.15), obtaining
hyjeld = h - .O (2.4.16)
hxxx + P (sin 0 - hx cos 0)
27
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Chapter 3
Viscoelastity and Lubrication
3.1 Viscoelastic Fluids
Even in an advanced fluid mechanics course, it is common to introduce only Newto-
nian fluids in various applications. In reality, however, most of the fluids we encounter
every day are in some fashion Non-Newtonian. For instance, shampoo is a shear-
thinning fluid; unstressed, it takes a jell-like form but flows readily when sheared.
Viscoelastic fluids are abundant in industry as well as in nature. Not surprisingly, a
"viscoelastic" fluid possesses both viscous and elastic properties. Polymeric liquids -
both polymer solutions and melts, are viscoelastic. As a specific example, silly putty
is a polymer melt that exhibits both viscous and elastic properties and their depen-
dence on time scale. When a silly putty is deformed slowly, it "flows" according to
its viscous nature. On the other hand, it bounces like an elastic solid when thrown
sharply against a floor. The nonlinear nature of a viscoelastic material makes it both
fascinating and extremely difficult to model. A discussion of such difficulties can be
found in [7].
In nature, most fluids produced by living organisms are at least weakly viscoelastic.
As an example, mucus produced by terrestrial gastropods is both viscoelastic and has
a finite yield stress. The mucus properties are of particular importance to locomotion
since a layer of mucus exists between the foot and the terrain at all times, and
waves of shear stress transmitted through this layer enable motion [20]. Therefore,
29
Figure 3.1.1: A silly putty - a "textbook" example of a viscoelastic fluid. This picture
is credited to http://genchem.chem.wisc.edu/demonstrations/.
development of a robust method to analyze thin viscoelastic films is important not
only in understanding phenomena in industrial applications but also in biological
systems.
3.1.1 Importance of Normal Stress Differences
Macroscopic nonlinear behavior of a viscoelastic fluid is a manifestation of microscopic
stresses caused by the stretching of polymeric molecules. Hence, understanding the
molecular dynamics of polymers is essential for understanding the characteristics of a
viscoelastic flow. The aforementioned microscopic stresses, in turn, largely depend on
the nature of the flow the polymers are subject to. A natural place to start is to study
the polymer dynamics in simple flows, namely, pure shear and extension, where a
single polymer is typically modeled as a thin elastic filament. In a purely extensional
flow (in which vorticity, w, is zero), a polymer molecule can become stretched at
sufficiently large strain rates [12]. As expected, this stretching leads to large stresses
along the direction of the extensional flow. In other words, normal stresses become
important for polymer solutions in this type of flow. More interestingly, Smith et al.
[27] directly measured the mean extension of the individual polymer molecule in a
simple shear flow for different values of Weissenberg number, Wi = Ay, which is the
30
ratio of the applied shear rate, A to the relaxation rate of the polymer, . As in the
case of an extensional flow, the extension of polymers results in non-trivial normal
stress differences. For a Newtonian shear flow, the only non-zero components of the
stress tensor are shear stresses as stresses are a direct measure of the kinematics of
the flow itself, not of the flow-induced conformation of polymer molecules. Thus, one
may even conclude that "normal stress differences in shearing flows are a fundamental
property of viscoelastic fluids." [3] This particular nature of viscoelastic fluids then
poses a very interesting challenge in considering thin films. As it was shown in
Chapter 2, a free surface flow in the lubrication limit only retains shear stresses in its
formulation. This may indicate that the lubrication analysis is inherently limited in
describing normal stresses, which is one of the very questions we attempt to answer
in this chapter.
3.1.2 Constitutive Equations
There exist constitutive equations of varying degrees of complexity that describe
viscoelasticity empirically. This section attempts to give a brief introduction to the
most basic of these equations; an in-depth discussion of this topic can be found in the
text by Bird et al. [4]. The first viscoelastic constitutive model was constructed by
J. C. Maxwell who combined Newton's and Hooke's laws to introduce the following
constitutive model:
r + A = ro0 , (3.1.1)at
where Al is the relaxation time, 7o the zero-shear-rate viscosity, r is the stress tensor,
and 'j the strain rate tensor. This so-called Maxwell model has long been replaced by
its successors in current studies of viscoelasticty; however, it is still useful in obtaining
a basic understanding of viscoelasticity. For instance, it can easily be shown that for
steady state (3.1.1) reduces to a Newtonian stress tensor; on the other hand, in the
limit where S dominates over r, the same equation can be rewritten as Hooke's law.
When this partial derivative in time is replaced by the convected derivative, (3.1.1)
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becomes the convected Maxwell model:
7 + Ali-(l) = ?7o0 , (3.1.2)
where r(1) - [(V6)T r + r - (VV)]. This complicates the constitutive model
at hand; however, it is a necessary step to ensure that -r is invariant with respect to
rotations. Building upon this even further, a slightly more complex model comes in
the form of the convected Jeffreys model, or also referred to as Oldroyd's B:
,r + Alr(l) = 7o (-(1) + A2 7Y( 2 )) , (3.1.3)
where
70 = 7S + 77, (3.1.4a)
A2 = A, 77 , (3.1.4b)
7/S + 77
(i) = ''y, (3.1.4c)
Y(2) D [(VI)T ' + '(1) - (V)] . (3.1.4d)
Here, r, is the solvent viscosity while qp is that of the polymer. This shows that this
particular model has both solvent and polymer contributions in its construction. To
demonstrate this explicitly, (3.1.3) can also be written as
-r =r. + r, (3.1.5a)
7= ,Y(1), (3.1.5b)
, + Airp(l) = ?7pY(1). (3.1.5c)
Although widely used in literature, the convected Jeffreys model, not to mention the
convected Maxwell, has a number of limitations. Specifically, these models assume
constant viscosity and normal stress coefficients in steady shear flow; in addition,
they exhibit infinite elongational viscosity at finite elongation rates. These limita-
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tions arise from the grossly simplified physical picture from which these models are
constructed: two beads connected by an infinitely extensible spring. Thus, a natural
way to correct them is to replace the aforementioned spring with a finitely extensible
one, or the FENE dumbbell (Finitely Extensible Nonlinear Elastic). Indubitably, a
better model leads to an increase in complexity and hence lowers the likelihood of
reaching an analytic solution. The purpose of this particular study is to examine
how viscoelastic terms scale in the lubrication limit rather than the effectiveness of
a particular constitutive model. Thus, we will be only concerned with a relatively
simple constitutive equation based on a Hookean spring of infinite extensibility.
3.2 Lubrication Approximation on Viscoelasticity
The beauty of scaling a complex equation is to be able to determine and neglect
relatively unimportant terms. For instance, in the limit of low Reynold's number
(which is our regime of interest), the Navier-Stokes equation reduces to that of Stokes.
Along the same lines, the lubrication approximation is based on the assumption that,
when the ratio of characteristic length scales (namely, y) becomes sufficiently small,
derivatives in the short length scale, y, dominate over derivatives in x. However, one
must be extremely careful to use relevant scales so as not to neglect any interesting
physical features. For this reason, applying the lubrication approximation to thin
viscoelastic fluid flows should be taken with extreme caution. As the underlying
physics of viscoelastic fluids is not well-understood, choosing physically appropriate
scales for such fluids is not a trivial matter.
3.2.1 Governing Equations and Boundary Conditions
Before attempting to reduce the equations, let us define our problem by listing the
full governing equations along with boundary conditions. As before, a divergence-free
Stokes' flow is considered:
V -V= 0, V - I = 0. (3.2.1a, b)
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At the free surface, the flow is dictated by
n - n - = U-r) t-U- 0. (3.2. 1a, b)
What sets a viscoelastic fluid apart in its complexity from a generalized Newtonian
fluid comes in the definition of the total stress tensor, H.
H = -pI + r, (3.2.2)
where -r, a deviatoric stress tensor due to viscoelasticity, is governed by the following
constitutive equation:
+ Dt - {(V)T -r + r - (Vv)} = r{V *+ (V6)T}. (3.2.3)
We are thus using the convected Maxwell model to describe a viscoelastic fluid, which
is arguably the simplest relevant model used today. For brevity, the relaxation time
is denoted as A without the subscript while the total viscosity is denoted as q.
For the sake of simplicity, we consider a 2D flow and rewrite the above equations
as follows:
&p T (9T
0 = + + , (3.2.5a)(9 X x Oy
0 = + + X (3.2.5b)
ay ay ax
1- h 2 = h(-p + rx) - 2hxT-x - p + Tyy, (3.2.6a)
0 = hx(Tyy - Trx) + Txy(1 - h2). (3.2.6b)
(3.2.5a) and (3.2.5b) are momentum equations in x and y respectively; (3.2.6a) and
(3.2.6b) describe the dynamic boundary conditions at the free surface. The following
three equations (3.2.7a - 3.2.7c) are the evolution equations for each component of
34
the viscoelastic stress tensor - Tx, y, and Tyy.
DT
at
+-u +
Dx
-+ U aY
axD
-v
Dy
D Tx
ay
-2 au
av
x- x
YY - 2 ( v
+ S ay)
au
ay)
0
+ -YY -
3.2.2 Viscoelastic Stress Tensor Scales
Not surprisingly, people have used different sets of scalings to study viscoelasticity in
thin film geometries. More specifically, the literature shows that there are a number of
ways a viscoelastic stress tensor can be scaled with respect to pressure, as summarized
in Table 3.2.1.
Stress eP 0 P
Ro and Homsy
[26] Rauscher
Table 3.2.1:
Fast et al. [10] Khayat
[16]
et al.[25]
Ro and Homsy [26]
Rauscher et al. [25]
Fast et al. [10]
Khayat [16]
TYY Ro and Homsy Fast et al. [10]
[26] Khayat
[16] Rauscher
et al. [25]
Summary of scales used in the literature to non-dimensionalize a vis-
coelastic stress tensor. E = H, a ratio of length scales.
The small parameter, e, as shown in Table 3.2.1, is used in lubrication analysis
and refers to H. The choice of the long length scale, L, is discussed in §3.2.3.
In the midst of vastly varied stress scalings, one point the literature seems to
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Txx + A
I t
TXy + A [
r + A I Dt
ax,Du
Dy
Dv
= 9-.
(3.2.7a)
(3.2.7b)
(3.2.7c)
DO
+ , 109x)
+ V
converge on is the pressure scale:
PO = U- (3.2.8)HE'
Thus, (3.2.8) will be used throughout to non-dimensionalize pressure.
Ro's Scaling
: (Each set of stress scales is labeled with a three by three grid which cor-
responds to Table 3.2.1. Squares that are shaded red in this grid represent how each
component of the stress tensor is scaled with respect to the pressure scale. This par-
ticular scaling by Ro and Homsy [26] is based on a Newtonian stress tensor, meaning
Sand ryy scale as 72 and 77, respectively, while Ty scales as 72. Hence,
(P, TXX, TXY, TYY) = P ,2 2 , (3.2.9)
(X, y) = L (J , EQ) , (3.2.10)
(u,v) = U (fi, eb), (3.2.11)
L
t = -ti (3.2.12)
U,'
where dimensionless variables are denoted with a hat. However, for the sake of brevity,
the hats will be dropped from this point on. The subsequent sections follow the same
format; scales, (3.2.10) - (3.2.12), apply in the following sections as well. Rescaling
the momentum equations, we find
ap 2 Oa-xx O7-XY0=+x + , (3.2.13a)
ax ax ay
0 p + 2 Tyy + E2 aTXY (3.2.13b)ay ay ax
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Rescaled boundary conditions at the free surface are given by
0 = (ryy - TX) + TXY(1 - E2),
(hX - = h (-p + 2 T X) - 2h xT xy - --2p + ryy,
E2Ca I + E2hx
where Ca 0 12
equations are
is a corrected Capillary number. Finally the rescaled constitutive
Tr2+De [ OXx+
Ot +
,YY+De " +
at +
a-X +v aX
U O1xY +O Ty
Ox Oy
Ux ay
-2 O + -2]y =2u,
ax ay a x
- (2 T =-+ T+2 a,
Ox y y Ox( v Ov'\~ Ov
-2 y + Tyy- =2 .-
-x ay ay
De, the Deborah number, is a ratio of the relaxation time of polymer chains to the
characteristic time of a given flow, or in this case:
AU
De -.L
(3.2.16)
Khayat's Scaling
6 H Khayat's scaling is based on a conjecture of which stresses would dominate
in a shear flow. Namely, -x dominates over both ryy and shear stress, Txy, which is
quite a departure from the standard Newtonian lubrication analysis. This is consistent
with the characteristics of a viscoelastic shear flow based on the experimental findings
mentioned in §3.1.1. In this case,
(P, TXX, TXY, YY) = PO P, t22 I &Y, E , (3.2.17)
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(3.2.14a)
(3.2.14b)
(3.2.15a)
(3.2.15b)
(3.2.15c)
which leads to rescaled momentum equations:
Op
Ox
O = - +
ay
OTxx
ax
2 OTY
+OTX+ xy
ay
Y + E2 29 ; 
ax
rescaled free surface boundary conditions
0= hx(E 2 TYY- -x) + Try (1 - E2 ),
( 162Ca
= h2(-p + Txx) 
- 2hxT 
-
-
2p + YY;
%/1+ 2h2
and rescaled constitutive relations:
Txx+ De [TxxOt
r ~
TrY+De OT
at
+ arx,
ax
+ U OxOx
+ a Txx
Oy
+ V OT-XYOy
+H V O~yy
ay
- 2 (TX
x 2
- 2 al7-X az
U 09U
u
-+%-
+ Tyy) 
OV _
+yyaO)J
Fast's Scaling
I Fast et el. [10] scaled all
namely,
(P, r
This leads to momentum equations of the form
OP OTx,0 = - p+ EaX +Ox Ox
0 = - P+ Ea "" +
ay ay
deviatoric stresses as order higher than pressure;
) = P (PF) . (3.2.21)
OTxy
y
82 aXY.
ax
(3.2.22a)
(3.2.22b)
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(3.2.18a)
(3.2.18b)
(3.2.19a)
(3.2.19b)
2Ou"
= 26 0,
ax
Ou
-- +
Oy
2 Ov
Ox'
(3.2.20a)
(3.2.2Gb)
(3.2.20c)Ov=2-.
Oy
Free surface boundary conditions are given by
0 = 6h,(Ty - Tr,) + Tv (1 - E2h'), (3.2.23a)
( )=h - h(-p + ETXX) - 2hxTx, - E-2 p + E-Tryy. (3.2.23b)
E2Ca V1+ E2h2
And the non-dimesionalized constitutive equations are
FTxX Drxx Drxx ( Du Du ' uTxx + De + U + v 2 Tx- + -Txy- =I 26--, (3.2.24a)[Dt ax ay Dx Dy ax
[DT7 T, DTzy 8 ( DV _1 o u 2Txy+De +U + V - ETrxx9 +6 ryy-a)] + ,
at ax ay ax Y y ay ax,
(3.2.24b)
F Dr Dr DDv Dv Dv
-ryy + De a7" + u aTY + v aTY - 2 -rz + 7_YY - 2E- (3.2.24c)Dt Dx + y 2 ax y)] a y
New Scaling
If Most of the time, the scaling of a viscoelastc stress tensor is largely
determined by what one wants the reduced equations to be rather than by the physical
importance of each term. This is due to a lack of understanding in regards to how
each stress component behaves under given conditions. Thus, in this section, instead
of scaling the tensor based on the pre-determined outcome, the viscoelastic stress
components are simply scaled as the same order as pressure.
(Pr) = P (P, f). (3.2.25)
This leads to rescaled momentum equations
0 = T+ + E61 D , (3.2.26a)
x x Dy'
Dp DTr DTr0y + Dx + E ""; (3.2.26b)
ay ay 09x
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rescaled free surface boundary conditions
0 = (ryy - Txx) + wx(1 - 2h ), (3.2.27a)
= E2h(-p + Tr2) - 2-hxTry - p + yy; (3.2.27b)
Ca V/1 + E2h2
and rescaled constitutive equations
TXX + De [t+ Uax + V 2 1u ar 2e , (3.2.28a)Lt a7u x +V y l\8xx + Byjjz
F aTy aTzy aTx, ( v _1 (a u 2&vn
'roy+De +9jy  Uv a - TXXaa + E- - =E +s -- ,
at xy ax
(3.2.28b)
Tho a 8x ay 8v 8 =2 2 v(3 8c
ryy + De aTYY + aTYY + v aT - 2 EaYv + yy = 2E2 . (3.2.28c)at ax ay ax ay ay
3.2.3 New Length Scale
In the standard application of the lubrication approximation, terms of order E or
higher are neglected since the thin film geometry is defined by e = E < 1. However,
what is implied in these length scales is not simply the geometry but the "effective"
lengths over which a gradient of some physical quantity exists. Thus, before blindly
eliminating these terms, one needs to carefully consider what these relevant length
scales are, especially given the difference in dimensionless equations depending on the
different scaling choices.
The vertical length scale, H, represents the characteristic film thickness of the
flow in question. This comes from the fact that the standard film thickness is smaller
than or of the same order as the boundary layer thickness in which the viscous forces
dominate. In the case of complex flows, it is not entirely clear how the presence
of elasticity will influence the thickness of the viscous boundary layer. In order to
answer this question, a simple dimensional analysis can be performed to find a length
scale among relevant physical parameters - p, -, A, 7. Since we are only considering a
low Reynolds regime where inertia is unimportant, p is neglected; the rest form the
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following length scale:
Le =7 . (3.2.29)
Based on the data provided in [28], typical values for Le for viscoelastic polymer
solutions are on the order of 10' meters. For characteristic film thicknesses are on
the order of tens of microns, it is still valid to use the film thickness, H, as the vertical
(or short) length scale. The filament stretching experiment exhibits length scales of
the filament along the direction of elongation to be on the order of 101 meters. If we
were to take this (denoted as L,) as our relevant long scale, L, the lubrication limit
of E < 1 would indeed be valid. However, because Le < L8, it is logical to choose a
lower limit, Le, as the relevant long length scale when the physics behind our system
is largely unknown. In other words, L Le =
Choosing the length scales as such has an immediate consequence on applying
lubrication theory; in the specific case of the aforementioned filament stretching ex-
periment, E = I < 1 no longer holds and thereby invalidates the basis for using
lubrication. However, there may be other cases where I is indeed a small parameter
and lubrication is applicable. One topic of ongoing investigation is to find such fluids
in order to check physical relevance of this new dimensionless parameter. Regardless,
even when 2 < 1, another question to ask is which scaling of the viscoelastic stress
tensor is correct, if any. In order to answer this question, we will proceed with the
lubrication approximation and study how different scalings of stress lead to different
reduced equations in the limit of small E - 7. Presently, only momentum equations
are considered since it is not plausible to reduce constitutive equations without dis-
cussing the relevant time scale; an alternate definition of the Deborah number and
subsequent reduction of such equations are introduced in §3.2.4.
Ro's Scaling - Reduced Momentum Equations
When one eliminates the terms of O(E) or higher according to Ro's scaling,
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following momentum equations and boundary conditions are obtained:
_ p0 = 98x + aTXY(9y
0
0 = T2, at y = h,
1
,hxx=-p at y=h.
Ca
According to (3.2.30b), pressure is only a function of x, which allows one to solve for
Try in the x-momentum equation by applying the given boundary conditions:
1
Txy = - hxxx (h - y).
Ca
(3.2.31)
This result reflects exactly that of a Newtonian flow in the lubrication limit; shear
stress dominates the flow.
Khayat's Scaling - Reduced Momentum Equations
I Khayat's scaling reduces the momentum equations and stress boundary
conditions to
0 =
ax
0
1
Ca
+ 0
ax
+ XYOy
Op
(3.2.32a)
(3.2.32b)
(3.2.32c)
(3.2.32d)
= -p at y = h,
0 = Txy - hxTx at y = h.
According to Khayat's scaling, one cannot solve for Txy in (3.2.32a) since the depen-
dency of rxx on x is unknown. Thus, no practical simplification is made based on this
particular scaling of a stress tensor. However, in the paper by Khayat [16], the Txx
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(3.2.30a)
(3.2.30b)
(3.2.30c)
(3.2.30d)
-ap
ay,
term is erroneously missing from the x-momentum equation; subsequently, the same
Newtonian result from Ro's scaling is reached.
Fast's Scaling - Reduced Momentum Equations
EI When the deviatoric stress tensor is scaled as order higher than pressure,
the governing equations along with the boundary conditions reduce to
0 = + a7y (3.2.33a)
ax ay
0 =9,
ay,
1
hx= -p at y = h,
Ca
0 =y at y = h.
(3.2.33b)
(3.2.33c)
(3.2.33d)
Despite the difference in scales for normal stresses, Fast's scaling leads to the same
set of reduced equations, (3.2.33a) - (3.2.33d), as that of Ro. Therefore, the same
Newtonian result is recovered; namely, shear stress is linear in y while normal stresses
don't come into play in momentum equations:
1
= (h - y).
Ca
(3.2.34)
New Scaling - Reduced Momentum Equations
S11 Scaling the viscoelastic stresses as the same order as pressure results in
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the following set of momentum equations and boundary conditions:
0= a ,I (3.2.35a)
ay
0 = + "", (3.2.35b)
ay ay
1
-hx - -p + Ty at y = h, (3.2.35c)
Ca
0 = -rx at y = h. (3.2.35d)
The x-momentum equation (3.2.35a) combined with the tangential boundary condi-
tion (3.2.35d) show that Ty = 0 everywhere. This is quite contrary to the standard
Newtonian lubrication result. Equations, (3.2.35b) - (3.2.35c), on the other hand,
yield:
1
-p + TYY = hx. (3.2.36)Ca
3.2.4 New Definition of Deborah Number
As mentioned in §3.2.2, a Deborah number, De, is defined as where A is the
Tflow
characteristic relaxation time for polymer chains to go back to equilibrium from a
deformed configuration. Tf10j, on the other hand, is a macroscopic time scale that
characterizes the flow itself. More specifically, for flows with no imposed forcing, Tflow
is most commonly defined as 1; again some care must be taken in the definition of
L. In a Newtonian flow, L is simply equivalent to L,, a characteristic span of a flow.
In a viscoelastic flow, as discussed in §3.2.3, a more relevant length scale to consider
may be Le = !. Taking L as such allows for the following definition of De:
De = AU = AU - U = Ca, (3.2.37)
Le ( -A a-
which is precisely the definition of the Capillary number, the ratio of viscous effects
to those of surface tension. This result is consistent with the new elastic length
scale which balances the effects of viscosity, elasticity, and surface tension. In some
measure, this length scale ensures that those effects all appear at leading order. The
44
Deborah number, on the other hand, is a measure of elasticity in comparison to
dominant forces governing the system. However, because elastic effects appear on the
same order as surface tension effects, they can be replaced by surface tension in the
definition of De which, in turn, becomes the ratio of viscosity to surface tension, the
other two remaining forces.
This particular definition of De has an immediate consequence that helps simplify
the analysis. One obvious result is that now there is only one remaining dimensionless
number relevant in this case. Furthermore, the Capillary number, Ca, scales as E3 as
shown by considering the normal stress boundary condition. For a thin Newtonian
flow, the normal boundary condition states that the pressure is determined by the
curvature of the free surface,
-p = -hXX, (3.2.38)
or in dimensionless form:
-3
-p = hX2 (3.2.39)
Un7
after dropping hats that denote dimensionless variables. Notice that the dimension-
less group in front of hx2 is essentially _ , which has been earlier defined as theCa'
inverse of Ca, the modified Capillary number. In the lubrication limit, E is taken to
asymptotically approach zero; therefore, to ensure that the curvature term does not
vanish in this limit, Ca is set to scale as 's. In other words, strictly speaking, the
lubrication approximation with surface tension effects is only valid when the ratio of
relevant length scales, , is such that it scales as Ca/ 3, the value of which is deter-
mined by the fluid properties and the characteristic flow rate of the system. However,
in reality, the lubrication analysis has been shown to work well over a wider range of
Ca values. G. M. Homsy explicitly uses this particular scaling of Ca when carrying
out the lubrication approximation, an example of which can be found in [26].
The typical value of - is approximately 10-3 of a second in the filament stretching
experiment [28], where U is calculated as the product of the flow span and the strain
rate, or L, . Thus, De (or Ca) is on the order of 103. This is a further indication
that the lubrication approach may not be appropriate for this particular experiment.
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Regardless, we will continue with our lubrication analysis for different scalings of
viscoelastic stress, replacing De with E3 in constitutive equations.
Ro's Scaling - Reduced Constitutive Equations
I The full rescaled constitutive equations are given by
3 [Oxx O~xx O~xx 'O -2 Ot i OTxx+ . a+I+- 2 aT + E- I = 2-, (3.2.40a)[at O Oy \\ax XYy Ox
F y O7xy O7xy 2 v Ou i Ou 2 0
TXY+e + + - YV2 +Tyy- = -+ -, (3.2.40b)
at Ox ay Ox ay ay Ox
3 Oy + ( v Ov\ v
_YY + E3 TYY + u y TY yy -2 T ' - = 2-. (3.2.40c)at Ox Vy 'Xax ay)] ay
Collecting the terms of O(eO), they reduce to
auTXX = 2a-, (3.2.41a)
X = , (3.2.41b)
ay
Ov
ryy = 2 (3.2.41c)
ay
The reduced constitutive equations (3.2.41a - 3.2.41c) at 0(1) further confirm the fact
that Ro's scaling leads to the Newtonian result at leading order. Txy is simply equal
to 9. Thus, when combined with the reduced momentum equations and boundary
ay
conditions from §3.2.3, one obtains the following expression for the velocity, u:
u = hxxx hy - Iy2 , (3.2.42)
which is precisely the result for a thin Newtonian flow driven by surface tension.
Interestingly, (3.2.41a) and (3.2.41c) show that the normal stresses, Txx and ryy, are
non-zero at leading order; however, they do not influence the flow since they come
into the momentum equation only at O(E2).
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Khayat's Scaling - Reduced Constitutive Equations
I Khayat's scaling leads to the following evolution equations for deviatoric
stresses:
TxX + C 3 It
Ty+ 3 [a-x Yat
I at
&Txx
+ U ax
+ax
+ U aTYax
+r UaY
+09X
+ a- -
ay
+ V ayy_
ay
2 (xx au ay
ax Y a)jI
av
2( aT2 -
au ^
av ~
+ TYY
ay)_]
= 2 ,
ax,
aU 2 aV
ay ax
=2 .
ay
By eliminating higher order terms, the equations of O(EO) are given by
TxX = 0,
au
ry y=
ay28.
In the limit of small E, Fxx vanishes while Txv simplifies to '. Going back to the
reduced momentum equations (3.2.32a - 3.2.32d), now with Txx set to zero, one can
explicitly solve for the velocity, u, and recover the result for the strictly Newtonian
case.
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(3.2.43a)
(3.2.43b)
(3.2.43c)
(3.2.44a)
(3.2.44b)
(3.2.44c)
Fast's Scaling - Reduced Constitutive Equations
I Replacing De with E3 turns the constitutive equations into
a t
3 FaT-Txy+6 + -
at
13 Fy a~S+el/ [t
Iy at
aTxx
U ax
ax
aT7+U ax
+aTXX
ay
+ V aITy
ay
+ V ay
ay
( auTx-
- 2 ax
-2 av
- z 2
_-1 TX u 2E u:,auNYY1a =2 au+
ay y
av 2E av
+Tay-) =2 ay
At leading order, O(eO), these equations reduce to
2 = 0,
S= 0.
7YY = 0.
(3.2.46a)
(3.2.46b)
(3.2.46c)
Fast's scaling essentially leads to the same result as Ro's - a Newtonian result is
recovered as xy equals 2 and 5x and r vanish at leading order.
ay
New Scaling - Reduced Constitutive Equations
I I Based on the new definition of De, the constitutive equations that describe
viscoelastic stresses become
3 aT U aTx
+ at ax
TXY 3 aTY+ a'TXY
at ax
TYY + a3 TYY[ at + UaTYYax
ay
+ V aITy
ay
+ V TYY
ay
-2 (2 .
- (ETX ax
-x
- 2 avy
-,Tx a
1 '+ E 71T )1
_1 U)
+1 )],
- 2 u, (3.2.47a)
ax(u 2aav
ay x
(3.2.47b)
av
= 2 2a
Oy
(3.2.47c)
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(3.2.45a)
(3.2.45b)
(3.2.45c)
av
+ TYY a
The reduced equations of Q(0O) are then
72' = 0, (3.2.48a)
72, = 0, (3.2.48b)
TYY = 0. (3.2.48c)
In this limit, all the stresses vanish as shown in (3.2.48a - 3.2.48c). Thus, although
the result from lubrication analysis on momentum contains y, only a trivial solution
is obtained from this particular scaling.
3.3 Summary
Table 3.3.1 summarizes the result of different scaling choices for viscoelastic stresses
in the lubrication limit. A successful model requires the presence of normal stress
difference at leading order as well as sufficient simplification in equations which ren-
ders an analytic solution possible. Unfortunately, all the scalings considered fall short
on the first of the aforementioned conditions. Specifically, Table 3.3.1 shows results
based on two different length scales, Le and L,. The literature uses Ls, the charac-
teristic span of the flow, to non-dimensionalize the governing equations and considers
the limit of De scaling as O(E), the result of which is summarized in the third column
of the table. Unlike the new length scale, L, = Z, which constrains De to vary as E
since De = Ca, Le leaves De completely independent of Ca. Even so, De at leading
order is never considered when applying the lubrication approximation because this
limit retains the nonlinear terms from the convected derivative, leading to no practi-
cal simplification. This implies that the lubrication analysis serves no purpose in the
high De limit, which is the limit of interest for most viscoelastic phenomena, such as
the "fishbone" instabilities explained in §1.1. Going back to Table 3.3.1, one may
conclude from all the scaling choices, that the normal stresses either vanish at leading
order or do not appear in the momentum equations at leading order regardless of the
length scale used. Consistent with the findings of this chapter, Ro and Homsy [26]
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best summed up the limitation of the lubrication approximation to describe normal
stress differences in viscoelastic flows as they explained that at leading order, "the y
derivative of the leading order shear stress is the only significant force in the lubri-
cation approximation." This inevitably leads one to look for other analytical tools to
study thin viscoelastic films. One such method is explored in the following chapter.
De based on Le De based on L,
Scaling Order at which Tx_ / ryy rxx at rYY at Txx at ryy at
appear in momentum 0(1) 0(1) 0(1) 0(1)
Ro and 22 2 22 2
ax aO x
Homsy
[26]
Khayat 0 / g 2  0 2v 0 2
[16] ay
Fast et al. 0 0 2(g) 0
[10]
New Scale El /E 0  0 0 0 0
Table 3.3.1: Summary of result of applying the lubrication approximation with dif-
ferent scalings for the stress tensor. The small parameter, E =y, is a ratio of length
scales.
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Chapter 4
Galerkin Projection Method
In this chapter, we propose a more flexible way to model free surface flows - namely,
a Galerkin-like method. We will first examine the general formulation of this method
for Stokes flow with surface tension effects. One of the difficulties in modeling free
surface flows arises in satisfying the dynamic boundary conditions on the interface. It
will be shown that Galerkin method satisfies such boundary conditions automatically
by using Green's theorem. Then, an example of a planar thin film driven by gravity
will be thoroughly analyzed as illustration.
4.1 Problem Formulation
The problem formulation is analogous to the one discussed in Chapter 2. For the sake
of completeness, a set of governing equations along with the boundary conditions is
given below,:
T nm a n t = 0, V ondition (4.1.1a, b)
The normal and tangential dynamic boundary conditions are
n -H -n' = u-r, t . II - n, = 0, (4.1.2 a, b)
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where r = -V - n. H is a total Newtonian stress tensor:
H = -pI + pf{(V,6) + (V6)j}. (4.1.3)
Finally, mass conservation over a differential control volume is written as
ht + [hudy = 0. (4.1.4)
0 . x
4.2 Galerkin Approximation
In a Galerkin method, governing equations are projected onto a space of basis func-
tions and are integrated over the entire domain, Q. This effectively reduces a set
of 2D + 1 equations down to ID + 1, which, unlike lubrication, does not rely on a
fortuitous scaling of stress tensor components. Rather, the success of this method
relies on the accuracy of the basis functions which "represent the slices of the fluid"
[8]. To be more specific, the basis functions take on the kinematic properties of the
flow by being divergence-free as well as satisfying the necessary boundary conditions,
as shown in §4.3.2 and §4.3.3. In the most general form, the Stokes momentum
equation thus becomes
jV - d =pj V2 vd.j + p f J - fdM (4.2.1)
where is a basis function in a vector form. Or more generally, (4.2.1) can be written
as
0=j V -H - Md + P j-- dQ. (4.2.2)
Using the chain rule of differentiation, the first integral in (4.2.2) is expanded into
V -H-1 - d =j V - (H-) dQ - H : (V ) dQ (4.2.3)
52
and, by Green's theorem,
= - -H - dS - H : (V ) dQ, (4.2.4)
where S denotes a boundary that encloses Q. Recalling from (4.1.2), n'- H I- = o-l
and multiplying both sides of this equation by n yields
n -1 = o-rn. (4.2.5)
Dotting the tangential dynamic boundary condition with i gives another vector ex-
pression for ' - H, given that H is a symmetric tensor; however, it is equal to zero
since t. H - = 0. Hence, n. H in the first integral of (4.2.4) can be replaced by o-sn,
which changes (4.2.2) into
0 = ju- s -dSfj II : (V ) dQ + p J- dQ. (4.2.6)
H : (V6 from (4.2.4), on the other hand, is equivalent to -pV - (+ 2pe (U)
where 2e(F) corresponds to [(VF) + (VF)T]. More specifically, 2e (U) : e() is a
contracted sum of two tensors:
2E (V) : e(O) = + (4.2.7)
Therefore, (4.2.6) now becomes
0 = a- -ds + PV - dQ - 2pe(V) : E(dd + p j -dQ, (4.2.8)
which, in the case of a 2D flow, can be rewritten as
/L2 Ih L2
2e (V) : C dydx - PV - dydx
L1 0 (0L1 f
= L 2 o-hxx ( Y - hx x) dx + p L 2  h (gxtx + gyty) dydx, (4.2.9)
JL (1 + h2) L1 I
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where Y= ((x, Y) and -= (g., gy).
4.3 Analytical solution
4.3.1 General case
The velocity field is a combination of an unknown function, U, and a shape function,
q, with explicit y-dependence. The shape function is based on the postulated velocity
field and satisfies necessary kinematic boundary conditions. The velocity field is thus
represented as
M dq5 (y)
u(x, y, t)= Ui(x, t) d dy (4.3.1)
M aUi (X, t)
v(x' ,t) OX M 0 y) (4.3.2)
by continuity, where M is the number of modes. The x and y components of a basis
function vector satisfy the divergence free condition and have the same construction
as the velocity field:
j (x, yt) = f (X) d (y) (4.3.3)
dy
jy(XI y7t) = - dx)Oj(Y) (4.3.4)
where j increments from 1 to M. The function f(x) is arbitrary, often chosen to
facilitate the integration process. Now equations (4.3.1) - (4.3.3), and (4.3.4) are
substituted into (4.2.9) to form:
jL jU 4 ,X0 (f'#'.) + (Ui#'O' - U (f# - f"#) dydx
=(+ ' I L 2 jh yy(f 'q$ (h) + h d jx+fOg dydx (4.3.5)
0i J
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4.3.2 Mode 1 (M = 1 and j = 1)
Full Galerkin Solution
As a simple example, we consider a flow of a completely wetting Newtonian fluid
down an incline of an angle, 0.
0-9
Figure 4.3.1: Schematic of a thin free surface flow down an incline. The flow is
governed by gravity and surface tension
For the simplest case of M = 1, we project the horizontal velocity onto a linear
space in y and the vertical onto a quadratic space. The resulting velocity field is
u (x, y, t) = u1y, 1 2v (X, y) = U1XY 22
which satisfies continuity as well as the no slip boundary condition. Following the
notation given in (4.3.1) and (4.3.2), <1 equals }y 2 . f (x) in (4.3.3) and (4.3.4) is set
to be a delta function, 6(x), and yields the following trial function:
C (X, y) = 6(X)y, Y (x, y) = 2-6 (X)y2.
These equations then are substituted into (4.3.5), and we obtain a single ODE with
unknowns, h (x) and ui:
- I (ui,,h 3 )
a 2r' pgh 2
= 
2 h,' +p (sin0 - hx cos 0).
2p 2p
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(4.3.6a, b)
(4.3.7a, b)
ulh - 4 (ui,xh3) 6 ( )
(4.3.8)
The other governing equation comes from mass conservation (4.1.4). After substitut-
ing in the expression for u and carrying out the integration, (4.1.4) becomes
ht + I (uih2) = 0. (4.3.9)
Reduction to Lubrication Approximation
When the geometric constraint, L < 1, is imposed on the full Galerkin solution,
combining (4.3.8) and (4.3.9) yields
1ht + I [oh.xxh 3 + pgh3 (sin 0 - hx cos 0)] X = 0. (4.3.10)
(4.3.10) does not exactly match with the lubrication result derived in §2.2; the
coefficient in front of the flux term is I instead of !. This difference is expected since
the Galerkin solution is based on a linear velocity profile which cannot accurately
describe the quadratic behavior of a thin film flow.
4.3.3 Modes 1 and 2 (M = 2 andj = 1, 2)
Full Galerkin Solution
For M = 2, another term is added to the velocity field defined in §4.3.2, raising the
order of the polynomial space by one:
u(X, y, t) = uly + U2y 2,
1 2 1 3
v(x, y) = 1 ' 21 2,y.V(' ) -U,xY - U xY (4.3.11a, b)
This addition gives a rise to #2 = Iy3 . The subsequent basis function is
Y(x, y) = 6X(X)Y3.3 (4.3.12a, b)
We now have three unknowns - u1 , u2 , and h (x, t). When above equations along
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g (x, y) = 6(X)y2
with (4.3.7) are substituted into (4.3.5), we obtain for j = 1
u1 h + u2h 2 - 1 (ui,xxh 3 )
1 4
12. (u2,,h 4 ) - 'zha - (U2,xh 4 ),
-1 (ulh3 ) - (U2h4)I
1
+ 1 (ui,h 5 ) XX + 1 (u2,xxh 6)
U- r + pgh 2
= 2p h2 , + p 2 (sin 0 - hxcos 0) ,
and for j = 2
ulh 2 + U2h3 - (u1,h 4) - A (U2,xxh) - (uixh4)X
12
-2 (uih) ~
-h h
3p 3y
- (U2,x
1I (U2, xh 7 ) XX- A (U2 h5)XX + 1 (Ui,xxh 6)XX +
3
I(sin90 - hx cos 9).
Mass conservation, on the other hand, yields
ht + [ulh2 + IU2h3]12 3 X
= 0. (4.3.15)
Reduction to Lubrication Approximation
In the limit of L < 1, (4.3.13) - (4.3.15) yield a following single evolution equation:
ht + I [-hxxxh 3 + pgh3 (sin 9 - hx cos 0)] , = 0. (4.3.16)
As expected, the above result matches that of applying lubrication approximation
directly to Stokes' equation, since they are both based on a quadratic velocity field.
4.3.4 Numerical Results
The equations obtained in §4.3.2 - §4.3.3 are solved numerically using a general solver
called 'BuGS.' BuGS, written by Bruce P. Ayati, is able to approximate solutions to
a system of nonlinear partial differential equations using implicit time step, spatial
discretization of which is defined by user ([2], [1].) Using BuGS, the values of h for
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(4.3.13)
h5)X
(4.3.14)
M = 1 and 2 as well as for lubrication are obtained and are plotted in MATLAB.
In particular, the deviations between the lubrication and the Galerkin (modes 1
and 2) are examined in the simple case of a completely wetting film down a vertical
wall. A completely wetting case requires a presence of a precursor film at all times and
eliminates the singularity that comes from having a dynamic contact line. In Figures
4.3.2 and 4.3.3, film profiles from different methods are plotted on the same axes, with
a constant vertical offset between each time step. The resulting plots demonstrate
not only the height difference at each time step but also how fast or slow the "front"
travels with respect to those computed using different analytical methods.
H=1 12
2
-10 -5 0 5 10 is 20 25
Lubrication Tr't
O.1H Galerkin (Mode 2) Red
Galerkin (Mode 1) Blue
J
Figure 4.3.2: Film profiles computed based on lubrication and Galerkin (modes 1 and
2) with a step initial condition.
Figure 4.3.2 illustrates that the front based on Galerkin 1 lags behind those of
Galerkin 2 and lubrication. In other words, with only one linear basis function,
the model predicts a wrong front velocity. This result highlights the importance of
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choosing physically relevant as well as enough basis functions.
H =2
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0.05H Lubrication Red
Galerkin (Mode 2) Blue
Figure 4.3.3: Film profiles computed based on lubrication and Galerkin 2 with a step
initial condition which is double that of Figure 4.3.2.
Figure 4.3.3 only features the results from lubrication and Galerkin 2 over a shorter
time range than Figure 4.3.2. This shows that although the film profiles seem to travel
at the same velocity, the Galerkin 2 plot exhibits a more steep front slope than the
lubrication. This may be due to the fact that the Galerkin projection method does
not rely on H 0; hence, it can produce a more accurate description of the region
where a small angle approximation breaks down, such as the moving front of a thin
film.
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Chapter 5
Conclusion
Although we initially set out to explain a very peculiar instability in the filament
stretching experiment, the focus of my Master's work broadened to investigating how
to analyze thin viscoelastic films. The biggest challenge in such analyses is the com-
plexity of viscoelastic constitutive relations due to the highly nonlinear nature of
viscoelastic fluids. In addition, the presence of a free surface governed by surface
tension further complicates the problem. One possible way to get around this is to do
a full numerical simulation; however, not only is it costly but also offers little insight
into the real physics governing the flows in question. Alternatively, one may attempt
to reduce the governing equations to obtain some form of an analytic solution. This
would allow one to construct a theoretical model for the dominant mechanisms in the
system and also to perform a stability analysis. One such reduction takes advantage
of the "thin" geometry of the film, which is the premise of the lubrication approxima-
tion. Lubrication is a powerful analytic tool widely used in studying thin generalized
Newtonian films, as demonstrated in Chapter 2. In fact, many researchers have im-
plemented this method to analyze thin viscoelastic films using different scalings for
the deviatoric stress tensor in the limit of small De. In this limit, the different scaling
choices all lead to the elimination of normal stress at leading order, which essentially
takes away the dominant feature of viscoelasticity as explained in §3.1.1.
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5.1 Future Work
In the wake of the inherent limitations of the lubrication approximation to capture
normal stress differences, another reduction method, a Galerkin-like projection, is
considered. The biggest advantage of this particular method lies in the elimination of
the need for ad hoc scalings for the stress tensor. Furthermore, the stress boundary
conditions at the free surface are automatically satisfied, as shown in Chapter 3 for
Newtonian flow under the influence of gravity and surface tension. Another promising
aspect of the Galerkin approximation is the guarantee of reduction in one spatial
variable as well as flexibility in the complexity of the final solution. As suggested by
the name, the Galerkin method borrows its idea from standard finite element method.
This ensures that one spatial variable is eliminated regardless of the choice of basis
function space. In regards to flexibility, one may choose the number of the basis
functions, or modes, and find the appropriate balance between the complexity and
the accuracy of the solution.
The biggest challenge now is to construct a physically relevant set of basis func-
tions to describe the constitutive relations of the viscoelastic stress. As previously
highlighted, one can still arrive at a reduced set of equations even if the basis functions
are not the best representation of the physical system. However, the accuracy of the
final outcome as well as the ease with which one can obtain it greatly depend on the
choice of basis function. One way to think of the basis functions is as "slices of the
fluid" [8]. In other words, the basis functions onto which the momentum equations
are projected adopt the kinematic properties of the fluid, such as incompressibility;
hence, they are divergence-free vectors. The stress basis functions, on the other hand,
should be second order tensors and take on the viscoelastic nature of the fluid which
is, in turn, heavily dependent on the type of flow. As discussed in §3.1.1, even when
Newtonian and viscoelastic fluids have identical velocity fields, the resultant stresses
can be drastically different since the viscoelastic stresses are directly related to the
microscopic stresses caused by the stretching of polymer molecules. This is the main
reason behind instabilities that are unique to viscoelastic fluids even under seemingly
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benign flow conditions; a comprehensive review of such instabilities can be found in
[19]. Graham's paper [13] sheds light on this issue as he discussed the differences
in interfacial instabilities between viscous Newtonian and viscoelastic fluids. Thus,
for this Galerkin inspired method to be successful, the stress basis functions need
to reflect the extension of polymers in a bulk sense especially near the free surface
where viscoelastic instabilities tend to be concentrated. Once the appropriate basis
functions for the viscoelastic stress tensor are figured out, the governing equations
and constitutive equations can be reduced.
I do not envision this to be a short term project. This Master's work is only a
small step into the future work which involves continuous research in the general field
of viscoelaticity, analytic and numerical methods. However, I believe at least it is a
step in the right direction. Furthermore, because I see a definite lack of framework
in systematically analyzing thin viscoelastic films without compromising dominant
physical effects, the result of this study could have a considerable contribution in
studying such films commonly found in industry and nature alike.
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